Tutorial 2:

e Solutions of the one-dimensional Schrodinger equation for a free particle
(Gaussian wave-packet),

particle in a box, particle in a finite well

Linear harmonic oscillator

Reflection and transmission by a step potential, by a rectangular barrier
Particle in a three dimensional box, density of states, free electron theory
of metals

Section A- Free Particle, Particle in a box, Particle in a finite well
Q1:

Obtain the time-dependent Schridinger equation for a particle. Hence deduce the time-
independent Schrodinger equation, 20

2014

Q2:
Solve the Schrodinger equation for a particle of mass m confined in a one-dimensional
potential well of the form : '

V=0 when 0<x<L

- =om, when x<0,x>L

Obtain the discrete energy values and the normalized eigen functions. 20
2014
Q3:
An electron is moving in a one dimensional box of infinite height and width 1 A. Find
the minimum energy of electron. 10
2014
Q4:

A particle trapped in an infinitely deep square well of width a has a wave function

172
s
y = [;] sin [;‘] The walls are suddenly separated by infinite distance. Find the
probability of the particle having momentum between p and p+dp. 10
2015
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Q5:
An electron is confined to move between two rigid walls separated by

1072 m. Compute the de Broglie wavelengths representing the first three

allowed energy states of the electron and the corresponding energies. 10
2016
Q6:
Calculate the lowest energy of an electron confined to move in a [-dimensional potential well of
width 10 nm. 10
2017
Q7:

Find the probability current density for the wave function

) : .2
wix t) = [AeP*/? 3 Be PX/h] g P 7t/2mh

Interpret the result physically. 10

2020

Q8:
A particle is moving in a one dimensional box of width 50A and infinite height.
Calculate the probability of finding the particle within an interval of 15A at the
centres of the box when it is in its state of least energy. 15

2021

Q9:
An electron in a one-dimensional infinite potential well, defined by
Vix)=0for—a<x<aand V(x)=
otherwise, goes from n = 4 to n = 2 level and emits photon of frequency 3-43x 10'4 Hz.
Calculate the width of the well. (Assume Plank’s constant A = 6-626x10734J.S. and

mass of electron m = 9-11x107! kg) 10

2022
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Q10:

Calculate the zero point energy for a particle in an infinite potential well for the
following cases :

(1) a 100 g ball confined on a 5 m long line.
(i) an oxygen atom confined to a 2x1071% m lattice.
(iii) an electron confined to a 1071 m atom.
Why zero point energy is not important for macroscopic objects ? Comment. 10

2023
Q11.

0, 0<x<a
Consider the potential ¥ (x) =
oo, elsewhere

(a) Estimate the energies of the ground state as well as those of the first and the
second excited states for

(i) an electron enclosed in a box of size a=10""m.
(ii) a 1 g metallic sphere which is moving in a box of size a =10 cm.
(b) Discuss the importance of the Quantum effects for both of these systems.

(c) Estimate the velocities of the electron and the metallic sphere using uncertainty
principle. 20

2023

Q12.

(1) Assuming the potential seen by a neutron in a nucleus to be
schematically represented by a one-dimensional, infinite rigid
wall potential of length 101° m, estimate the minimum kinetic
energy of the electron.

(ii) Estimate the minimum kinetic energy of neutron bound within
the nucleus as described above. Can an electron be confined in a

nucleus ? Explain. 15
2024
Q13.
Determine the ground state energy of an electron in an infinite potential well of
width of 2 A. 10
2025
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Section B - Linear Harmonic Oscillator

Q1:
Using Schrédinger equation, obtain the eigenfunctions and eigenvalues of energy for a
1-dimensional harmonic oscillator. Sketch the profiles of eigenfunctions for first three energy
states. 20

2017

Q2:

Calculate the zero-point energy of a system consisting of a mass of 10> kg
connected to a fixed point by a spring which is stretched by 1072 m by a force of

10"'N. The system is constrained to move only in one direction. 10

2018

Q3:

Calculate the zero-point energy of a system consisting of a mass of 10> kg
connected to a fixed point by a spring which is stretched by 1072 m by a force of
107" N. The system is constrained to move only in one direction. 10

2018

Q4:

For a free quantum mechanical particle under the influence of a
one-dimensional potential, show that the energy is quantized in discrete
fashion. How do these energy values differ from those of a linear harmonic
oscillator? 10

2019

Q5:

Write down the Hamiltonian operator for a linear harmonic oscillator. Show

: 1
that the energy eigenvalue of the same can be given by E, =(n +§)hmo at

energy state n with @, being the natural frequency of vibration of the linear
oscillator. Prove that n=0 energy state has a wave function of typical
Gaussian form. 15

2019
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Q6:
Calculate the probability of finding a simple harmonic oscillator within the classical
limits if the oscillator is in its normal state. Also show that if the oscillator is in its
normal state, then the probability of finding the particle outside the classical limits

is approximately 16%. 15
2021

Q7:

Consider a particle of mass m and charge ¢ moving under the influence of a
one dimensional harmonic oscillator potential. Assume it is placed in a
constant electric field E. The Hamiltonian of this particle is therefore given by

2
= 2’; + %ma)zX % gEX. Obtain the energy expression and the wave function of
m
the nth excited state of the particle. 10
2023
Q8.
Find the energy of the particle of mass m moving in a potential field
232 2
V(x) = Mfor which the time independent wave function is
m
w(x) = exp(— bx?). Here b is a constant. 10
2024
Q9.
The ground state wave function of a harmonic oscillator is
o [mo 1/4 . i
Vo= | Pl™7an |
(i) At which point is the probability density maximum ?
(ii) What is the value of the maximum probability density ? 15
2024
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Section C - Step Potential, Rectangular Barrier

Q1:
(@
4 V(X)
V=y
0 %x
VCV;I;S::::; ;ly b;a;nvof par}tliclcs incident on a one-dimensional step function potential
0 as shown in the above figure. Solve the Schrodi i
. ; ” inger t
| and obtain expressions for the reflection and transmission coefﬁciengts o ‘;8
Eb) V&That are the limits of the reflection coefficient for £ — Voand E—» 2 10
©) Discuss the cases 0 <E<Vyand E<0 |
: 10
2013
Q2:

Solve the Schrodinger equation for a step potential and calculate the
transmission and reflection coefficient for the case when the kinetic
energy of the particle E, is greater than the potential energy V

(.e., Eg> V).

20

2016

Q3:

Calculate the probability of transmission of an electron of 1-0 ¢V energy through a potential
barrier of 4-0 ¢V and 0] nm width, 10

2017
Q4:
A beam of particles of energy 9 &V is incident on a potential step 8 eV high from
the left. What percentage of particles will reflect back? 15
2018
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Write the wave functions for a particle on both sides of a step potential, for

E)Vo M

Q5: .. ..

x>0
x<0

_|Vos
-

V{x)

F

Vix)

10

Interpret the results physically.

2020
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Q7:

20
2022
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Set up the Schrodinger’s wave equation for one dimensional potential barrier and

obtain the probability of tunneling.



Q8:
Consider a stream of particles of mass m each moving in the positive x-direction with
kinetic energy E towards the potential barrier

V(x)=0 for x<0

V(x)=3TE for x>0

Find the fraction of particles reflected at x = 0. 15

2023

Q9.

Obtain the expressions for reflection coefficient (R) and transmission coefficient
(T") for reflected waves and transmitted waves from an infinite thin barrier. 15

2025

Q10.
For a potential with the boundary conditions

0, x<-a
Vix)={V, -a<x<a
0, x>a

solve the Schrodinger’s equation in one dimension and find out the conditions
for tunnelling. 15

2025

Section D - 3D box, density of states, free electron theory of

metals
Q1:
Solve the Schrédinger equation for a particle in a three dimensional rectangular potential
barrier. Explain the terms degenerate and non-degenerate states in this context. 30
2015
Q2:

Calculate the density of states for an electron moving freely inside a
metal with the help of quantum mechanical Schrodinger’s equation for
free particle in a box. =R = 10

2016
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Q3:
Show that for free electron gas, the density of states in three dimensions (3D)
varies as E'/2, and this dependence changes to E® for 2D (quantum well),
E~Y2 for 1D (quantum wire} and § function for OD (quantum dot). 15

2018

Q4:
How do you define density of states? Show that the density of states with wave
oy
vector less than k in a three-dimensional cubic box of volume V can be given by

D(m)=%5k2(%)

in the frequency spectrum between ® and w+dw. Here, assume that the
number of modes per unit range of k is L /(2n), L being the length of each side

of the cubic box. 20
2019
Q5:
(i) Show that for a given principal quantum number n, there are n* possible states
of the atom.

(7 Marks) 2022

Q6.

(1) Using free electron theory of metals, calculate the Fermi energy
level of sodium atom at absolute zero. Assume that sodium has
one free electron per atom and its density is 097 gm/cm3.

(i)  Draw the energy level diagram and mathematical expressions for
the following :

[.  E, of an electron confined in a one-dimensional box

II. Linear harmonic oscillator

Make a qualitative comparison of the above two cases. 10+10=20

2024
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Q7.

What is the density of states? For a relativistic particle of rest mass p, prove
that the density of states in the extreme relativistic limit (E»ucz)

4 2
g([E)=——7=E
n2n3c3

where g(E) = density of states, V = volume of the system containing the particle,
E = total energy, c = velocity of light and h = Planck’s constant. 20

2025
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